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SUMMARY

. A new method is proposed for the estnnatlon of the surface area. of adsorbents

from the second and third gas-solid virial coefficients. The method is.based on a
three-dlmensxonal model ‘of physical adsorption, and is in addition. an extremely
-slmple ‘one. The data needed can be easlly obtamed by gas chromatography

INTRODUC’I’ION
Vmal expanswn is at the present tlme the most prom1s1ng and descrlptlve for-
‘-mula in the theory of physical adsorptlon of gases on solids. Virial: expanslon ‘of the
- adsorption‘isotherm is the kind of expansion most often considered. This is‘due to the
fact that the: relatlonshlp ‘obtdined when the number of molecules adsorbed is treated
as a:function of the:adsorbate dens1ty is the: relatlonshlp rnost often 1nvest1gated m
‘,expenmental works concerning adsorption phenomena. L
: .. In-the. vmal otreatment ‘of physical ‘adsorption,- the nurnber of adsorbed mole-
i,‘,cules is expanded in a power series with respect to the density of the adsorbate phase;
.the*coefficient ‘at- the (n — J:)th power of the dens1ty belng called the nth gas-—solld
i ‘vmal coefficient. " i -
CakeiiIn'the: theoretlcal and experlmental work done in thls ﬁeld so far, only the ﬁrst
i;f(,‘two.:errns ‘of this'expansion:are ‘taken into account ‘these being’ the second and the
" third gas-solid virial-coefficients, respectively.:; .« t: it il f i iy 10 L i
' :+The second gas=solid virial coefficient: mtroduceS\ the effect of the 1nteractlon
ween' ‘a’single molecule: and: the‘adsorbent ‘surface;’ while: the third: represents. the
‘-,.,;“.effect of the interaction between two adsorbate molecules:and: the adsorbent surface;
‘;;;‘_Smce virial treatment is’a:most accurate expression, the properties ‘of-the adsorptxon, ‘.
i systems determined ‘on usmg this' equatlon should also be'accurate: In partlcular, one.
"*would*'expect ‘that the ‘use of the. vmal equatlon to estlmate the surface area of an .
adsorbent will lead to goodiresults, vyl auimn vl bt il o kil
¢ 14The:first: theoretical: paperS‘along these lines! were: by BARRER 'AND Evr:ne'rrl
' .by'SAMS etiali® .'J.They‘have ‘shown ‘how: the second-and third gas—sohd wirial -
nts*may be used to determme the surface area of an: adsorbent and also to."
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obtain information about the forces between the adsorbed particles. They were, simul-
taneously, the first to investigate three-body effects, Z.e. of two adsorbate molecules
plus adsorbent, in the virial data, with respect to the problem of estimation of surface
area.

The theoretical calculations of SINANOGLU AND P17ZER3, YARIS?* and McLACH-
LANS have shown that three-body cffects can contribute considerably to the total
interactions between the adsorbed molecules.

All three derivations lead to the same conclusion, viz. that the third-order inter-

- action can be taken into account by introducing an additional term proportional to
7=2% in the pair interaction potential valid for the bulk phase. The fluctuation, or dis-
persion part, of this third-order interaction is shown by them to yield a repulsion
between the two molecules in a monolayer that amounts to 20—409, of the gas phase
LJ (x2, 6) potential minimum. The same energy, yields an additional attraction of
about 10-209%, LJ (12, 6) potential minimum when the two molecules are on top of
one another, as in muitilayer formation.

KRr1zAN AND CROWELL® were the first to investigate the contribution of the
three-body effects to the thermodynamic properties of adsorption systems. They
rather considered adsorption systems as two-dimensional ones, the deviations from
planar configurations of molecules being treated as a small parameter only.

- JouNsON. AND KLEIN? also have presented analyses of experimental data in

8 3

- terms of a two-dimensional model, using the L] (12,6,3) potential derived by SINANO- |

GLU AND Pi1TzER. The difference between the two papers lies only in the mode of
evaluation of the proportionality constant # in the SINANOGLU AND PITZER calcu-
lations. The calculations of 7 made by KRrRi1ZAN AND CROWELL are of a purely theo-
retical nature, whereas JoHNsoN AND KLEIN found 9 by using a ‘‘best-fit’’ proce-
. dure with experlméntal data.
Companson of the two lots of result shows that the values of 7 calculated by
KR!ZAN AND CROWELL are in general two to five times higher than the best-fit values
' obtained by JounsoN.aND KLEIN. Furthermore, the surface area calculated from
-these data seems to depend strongly on the factor 7. Thus, there should be strong dis-
crepancy betwe(.n the surface arcas obtained by means of the two procedures men-
troned above..

' “The procedure of JOHNSON AND KLEIN has been next cntxcxzed by WOLFE AND

SAMSs on the basis that the best-fit- values of % are probably quite sensitive to one’s .-

.-choice. of: potentlal parameters for the bulk phase. Their. object was to investigate

- the ‘consistency between theoretical. results. obtained in three different ways, and the -

results obtained by using the best-fit procedure. The most interesting result obtained
by them is that although 7 is extremely sensitive to the choice of bulk potential

parameters, .any reasonable’ choice of the bulk parameters will lead to substantlally

the ‘same- value for. the surface area.

B b .Moreover, _they.are of the: opmlon that the three-body effects in physrcal ad-

‘so”rptron .may be-smaller than ‘was, previously -supposed. :

resolv_ed‘ problem because of the chflicultles mvolved due to the three-body effects

R Ihe Jast: concluslon is in strong contradiction to the earher suggestrons of :
KRIZAN AND Cnowyar.r. and JOHNSON AND:KLEIN, Thus, it seems that the. determma-' .
“tion .of .the ‘surface area. fromthe third gas-solid;virjal coefﬁclent still remains:an un- i

o
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ESTIMATION OF THE SURFACE AREA OF ADSORBENTS 223

sional model of physical adsorption. The existence of the third-order interaction per-
mits some approximations which then lead to an exceptionally simple expression for
the surface area. The experimental data needed can be easily obtained by gas chro-
matography.

,.‘;....THEORETICAL

It has been shown in our previous paper” that the second and third gas-solid
virial coefficients Byg and By, may be written in the following form:

Byg = f{exp[ __1,(:,1‘) ]}d"l (1)
By = ff{exp[wl(rl)___zj,wl(ra)]} X {exp[-—f-o_z_—_g_%—&)—] — I}di‘ldfz (2)
V

where

Vs = volume of surface phase

W,(r;) = potential energy of adsorption of a single molecule, whose centre is
at point #;

wy(?y, ¥y) = interaction energy between two adsorbate molecules in the pres-
ence of solid

k = Boltzmann constant

T = absolute temperature.

Next, by using an algebraic method, the following expression has been obtained
for the average density g, in the adsorbed phasel0:

& = /ir‘*’ (kp_r)a'*"" (3)

where P is the average pressure in the adsorbed phase and b, and b, are cluster-type
integrals, dependent on configuration integrals!. IFor example:

I

by = '178‘328 _ , ‘ (4)
1 ' _ ‘

by = ?T?; By (5)

The basic idea of our method is to consider the retention data from a region of
as small as p0551b1e concentration of solute. We have suggested in our previous paper
that for this region the simplest form of the retention equation of CONDER AND
PurNELL!? may be used. Thus:

jVR — 'Vf 4V & : (6)
‘ 2o
where
o j = James—~Martin compressibility factor

- V¢ = free gas phase volume
'@y = adsorbate density in free gas phase.
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Using this expression, the following relatlonshlp between the adsorbate density
0o and the retention data has been developed, and is believed to be valid at very
small concentrations of solute:

JVR — Vi = Bys + 0By (7)

However, the above equation is in fact valid only for the case of infinite dilu-
tions of solute. To establish the connection between the retention data and the gas—
solid virial coefficients for the case of finite concentrations of solute, we consider the
retention equation of CONDER AND PURNELL?? in the form valid for all concentrations
of solute:

e Tenye 0,
VR—Vy=F-:y-Vg 50, (8)

where

F = compressibility factor depending upon column conditions

y == mole fraction of solute in free gas phase.

We then follow the procedure described in our previous paper. According to
this procedure, we substitute the term P/kT in eqn. 3 with its value for the adsorbate
phase considered to be that for an ideal gas, viz.

P P,
T Bys BT (9)

where P, is the average pressure in the free gas phase. Next, we assume that at very
small concentrations of solute, the free gas phase can still be considered as an ideal
one. Inserting eqn. g into eqn. 3, we get a first correction for the non-ideality of the
adsorbed phase. We are of the opinion that this correction is satisfactory for the
region of very small concentrations considered here. Thus, we get:

__323 2
= v, Qo+2VSQo + .. ‘ (10)

Inserting eqn. 10 into eqn. 8 we get:
VR —Vy=F-y-(Bgs + 0oBas) (x1)

It follows from eqn. r1 that the plot (Vr — Vy) versus g, should yield a straight
line, having a slope of FyBge, and intercept FyByg.

: Now, we want to show how the surface area S can be calculated from the virial
coefficients By and Bgs. To do this, we assume the adsorption surface to be a plane
(1ét it be an xy plane), and the adsorption potential W,(r) to depend on the distance
z from the surface. Next, we approximate the adsorption potential W,(r) by the fol-
lowing square-well function : ‘

4+ o0 foro<z<a
Wl(r) = W,(z) = {Wmm fora<<z<?d
_ - o fordb <2< + 00 (Iz)

Itis well-known that the above function is a good approximation for adsorp-
tion potentials when the parameters @, b, and Wn. are suitably chosen. In addition,
the above function allows for a very precise definition of the surface volume V,, and
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therefore for its accurate determination. This problem has been largely discussed in
our previous paper.
Next, we shall consider the interaction energy to have the form:

. [+oo forO< [t —ry <D
Wy(ry,¥y) = {wmin. for D < [ry —ry/ < RD (x3)
O  for RD < [#r, —ty] < -+ 00

Let us now use functions 12 and 13 to evaluate coefficients Bys and By, We
must first remark, however, that the result of the integration depends on the relations
between the parameters (b — ), D, and R. We shall later assume that (b — a) ~
0.1 D, and R a 2 (ref. 13). This is in accordance with the true physical situation in
the majority of adsorption systems investigated in practice. Let us introduce the fol-
lowing notations:

Q,p =6D%b — a)2 — (b—a)t

Q,rp = 6R2D2(b — a)2 — (b — a)*

@ = 3D"—a) — LD — ) — 2D —ay — b —a)*

o= R0~ — D — e — 00— p— S0 e

With the above notation, integration of eqns. 1 and 2 yields:

Bas = S(6 — ) exp(/min) (x3)
o= {7 Ouoenl ] + % 00 ol 23]

{ ($21rp — 2,p) ‘33‘13[2Ilvmlu ] -+

(Qatw—-QzD) exP[ o ]}{ Xp c_u'_",:"T ] — I} (16)

Con51der1ng the second term in eqn. 16, let the first Wyin, be unperturbed, 7.e.
the same as in the bulk phase, then for the ma]orlty of the adsorption systems in-
vestlgated in practice wmin./—% is from about 100° K, for simple gases, to about
400° K, for many organic compounds!4, The adsorbates which are most often used in
surface area measurements are simple gases, so that we shall later use (wmin./—k) =
100° K in our considerations. In addition, according to the theoretical results of
SINANOGLU AND PITZER, the value wmin, in the adsorbed phase should be about
50%, smaller than that for the bulk phase, because of the third-order interactions.

.. The last argument decreases our estimated value of wmin./—% to about 50° K.

The temperature regions which are most often investigated in practice are close
to room temperature, i.e. they are about 300° K. Thus, to underestimate the most
probable value of exp [cmin./—%T], we can reckon that (wmin./—kT) =~ 1/6, so
that explwmin./—kT] ~ 1.10, and the total factor {exXp[®Wmin./—%7] — 1} will be
of the order r0-1. The remaining factor in the second term in eqn. 16 is of the same
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. order as the first term in the equation. Therefore, we shall neglect the second term in
comparison with the first.

Now consider once more the first term in eqn. 16. The value Wyyyp,/—% for the
majority of simple gases on typical adsorbents is of the order of about 6000° K
(ref. 13). Thus, at room temperature the total factor exp[Wmin./—£%T] will be of the
order 10% This enables us to neglect the second component in the first term of eqn.
16, by comparison with the first, containing the second power of exp[Wmin./—4T].
With the above approximations, the expression for By reduces to the following:

—_—— oUh — )2 2Wmin,
Byy = —SaDb — a) exp[ —— (17)
Dividing Bg,; given as above by B,e? given by eqn. 15, we get:
' 2
S = —aD? '-——I;;” (8)

38

Thus, we have obtained an extremely simple formula for the surface area, and the
presence of the third-order interaction is here rather a favourable circumstance.

The value D which is used in eqn. 18 remains to be discussed, since third-order
interaction effects also change the slow-collision diameter, though only to a small
extent according to SINANOGLU AND PITZER’s theory. The above assumptions are
additionally supported by the results obtained by WOLFE AND SaMms. Accordingly,
the value for D for the bulk phase may be used in eqn. 18, which (apart from simplic-
ity) is an additional advantage of this equation.

EXPERIMENTAL

To illustrate our method, we have measured the surface area of the Schuchardt
silica gel, which is acceptable for cyclohexane and carbon tetrachloride. In these
measurements we used a 2 m-long chromatographic column, containing 4 g of 80—
120 mesh silica gel, produced by Schuchardt in Munich, G.F.R.

To plot Vx = Vn(gy), we used the following sample sizes of solute: 0.1 ul,
0.2 ul, 0.3 ul, 0.5 ul, 0.8 ul, and 1.0 ul. It was found that the concentrations of solute
in our chromatographic column, obtained with these sample sizes vary from about
10-% to about r0—* mole/l.

_ The measurements were performed with the Polish apparatus “Chromatoprep
. N-5oz”, using a katharometer as detector. Hydrogen was used as carrier gas, with
a flow-rate of about 50 ml/min.

RESULTS AND DISCUSSION

The results of our measurements and calculatlons are presented in Tables I
and II.- :
- First, we. shall explam how the values Bza and B,,a were obtained. The experi-
mental function Vx = Vy(g,) was interpolated by means of a polynome of the
second order, viz. Vi = By - Bgspo -+ Bs0s2: The calculations were. performed
numerically, and the procedure ‘of the smallest areas was included in'the program, to
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TABLE 1

RESULTS OF MEASUREMENTS AND CALCULATIONS FOR CYCLOHEXANE ADSORBED ON SCHUCHARDT'S
SILICA GEL

Temperaiuve By Byaa By, Bys Surface avea Surface avea
(°K) (leg) (i3/mole-g) (moles|g) Srom vivial Sfrom BET
‘ expansion method
(m?g) (mg)
359.8 2,73+ 1072 —10.59 —7.03°10~6 58.6 11.9
368.9 2,10 102 — 5.13 -—0Q.30+ 1078 775 16.1
3745 1.93' 102 — 4.33 —8.58- 107 715 18.3
383.9 1.54° 1072 — 2,63 ° —9.02° 10" 75.2 15.06
410,5 8.53'10"3 — 0.94 —7.77 1070 64.7 13.2
426.2 6.49° 10™% — 0.59 —~7.05°* 1070 58.7 12.4
Average values (over temperature) —8.12+ 108 67.7 14.6

analyse experimental deviations. The function Vn = V x(g,) was measured chroma-
tographically, using the method recommended by CONDER?5, i.¢. by considering the
positions of peak maxima.

Next the values By?/Bye for different temperatures were considered. According
to the results obtained in the theoretical section, they should be temperature-indepen-
dent ones. It can be seen from Tables I and II that there is no regular relationship
between these values and the absolute temperature. The differences between them
are probably due to experimental uncertainties. Thus, even when temperature
dependence exists, it is smaller than the changes due to experimental errors.

Finally, we have calculated the surface areas S, and compared them with the
areas calculated by the BET method, being the one most widely known and most
often used so far.

Before presenting the results of these calculations, we want to explain how the
values of D for carbon tetrachoride and cyclohexane were found. The value of D
used for carbon tetrachloride was D = 6.1 A, found earlier by LAUGER!® from the
transport properties of gaseous carbon tetrachloride. The appropiate value for cyclo-
hexane was calculated from liquid densities, by using the WASSENBERG-BALLANDIN
formulal?, and has been found to be equal to 6.6 A.

TABLE 1II

RESULTS OF MEASUREMENTS AND CALCULATIONS FOR CARBON TETRACHLORIDE ADSORBED ON
SCHUCHARDT’S SILICA GEL ‘ ‘

Bys®(Bqe

Temperalure By, By Surface avea Surface arvea

(°K) (llg) (13/mole-g) (molss|g) Jrom vivial from BET
expansion method
(mig) (mlg)

359.8 ' 4.30° 1072 —20.77 —8.9-10"" 62.6 13.1

374.5 2.85'10-2 — 8.87 —9.1-10-8 64.0 13.9

393.0 2.25+10™2 — 2.94 —9.9-10-8 69.6 14.3

410,5 1.20°10"% -— 2,00 —%7.0-1070 49,2 9.9

419.5 9.85' 103 — .24 ~7.8-1078 54.7 ~12.0

426,2 8.69 10™3 — 0.79 —0.5°10™8 66.8 13.6

Avcrage values (over temperature) —8.9-10"8 62.7 12.8
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To use the BET method, we first calculated the adsorption isotherms for each
temperature by considering them to be equal to (Bge + Bge0? + B40%). In this way
six adsorption isotherms were obtained both for cyclohexane and for carbon tetra-
chloride. The BET values of the areas, calculated from these isotherms, are presented
in Tables I and II. It is seen that like the virial expansion values, they are not tem-
perature-dependent, though they do differ a little because of experimental errors.

One would expect the virial expansion values for surface area to be greater
than those calculated by the BET method. The explanation for this is very simple
as in the BET theory the lateral interactions are completely neglected. These lateral
interactions have an effect of decreasing the effective area of adsorbent, since the
repulsive part of these interactions contributes predominantely to the total inter-
action effect. This effective area is identified with the real area in the BET theory.

The most interesting result obtained here is, in our opiriion, the degree of in-
fluence of the lateral interactions on the calculated surface areas. It seems that this
effect is much greater than previously supposed.

TABLE 1I1

RESULTS OF MEASUREMENTS AND CALCULATIONS FOR THE DATA OF SAMS ¢/ al.? CONCERNING AD-
SORPTION OF ARGON ON GRAPHITIZED CARBON BLACK P33.

Tempevatuve Bye ' By ‘ Surface avea from thyee- Suyface avea from
(°K) - (emBlg) (cm8|mole-g) dimensional treatment two-dimensional
' accovding o eqn. 18 tveaiment of
(m3g) SAMS ef al.
(m2g)
240.019 0.0812 — QI.I —_
220.393 0.1158 — 123.5 —
207.773 0.1508 — 136.5 —_
175.082 © . 0.3650 . — 425.7 —
166.135 0.4933 — 4429 —
158.077 ‘ 0.6720 — 248.7 —_—
150.140 © 0.942r " 631.9 —
145.114 - ° 1.1850 . 2082.0 —_
140.607 1.4802 5215.0 5.8 9.0

- Our results are now compared with the results obtained by SAMs ef al. for
argon adsorbed on graphitized Carbon Black P33 (ref. 2). The calculations of SAMs
¢t al. are based on a two-dimensional model where lateral interactions are taken into
account. They are included in Table ITI. In addition, the ratio Bys?/Bg; has been
plotted as a, function of absolute temperature in Fig. 1. It is seen from this figure that
one may observe a temperature dependence of Bys?/B,s when investigating wider
temperature regions, especially at low temperatures. This is due to the fact that at low
temperatures the second term in eqn. 16, which includes the factor {exp[(wmin./
—kT)] — 1} cannot be neglected. On the other hand, at hlgher temperaturess, the
value Baas/BS, in Fig. 1 depends only slightly on temperature, s.¢. this is the tempera-
ture region for- which our assumptlons are ‘'valid. One may extract from this a simple
test for choosmg the temperature. reglon which is appropriate for surface area mea-
surernents, when usmg eqn. 18. This is the region of the plateau in the plot, B2,9/Ba,
'versus T. Howevex it is.not recommended that regions of very. hlgh temperatures are
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TFig. 1. Plot of Bg?/Bye vevsus T for the data of SaMs e al. obtained for adsorption of argon on
graphitized Carbon Black P33,

investigated, since the accuracy of the measurements decreases because of the small
retention volumes.

If we now calculate the surface area of graphitized Carbon Black P33, using
our method and the data of SAMS et al., for the highest temperature under investigation,
we get the value 15.8 m?/g, whereas the value obtained from the Kirkwood-Miller
formula (second-order interaction) gives a value of 8.64 m?/g. It is of additional
interest to compare our value with that obtained by Sams ¢¢ al. on the basis of the
two-dimensional model, with lateral interactions taken into account. The value ob-
tained by SAMs ¢! al. is about g m?/g. It follows that there is a considerable difference
between our results, obtained by using the three-dimensional model of adsorption,
and the results of SAMS ¢t al. obtained using the two-dimensional model.

1t is obvious that the finite thickness of the adsorbed layer considered by us
introduces a much greater effect of repulsive interactions than is the case in a two-
dimensional layer.

It now remains for us to decide which values for the surface areas are more
suited to the real physical situation. In our opinion, in spite of a number of approxi-
mations made by us, our values should be closer to the true physical ones, since the

three-dimensional model of adsorption is generally assurned to be the most realistic
plcture of phys:cal adsorption. .
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